Nearly right unitarity triangle and CP phase in quark and lepton flavor
  mixings by Mimura, Yukihiro
ar
X
iv
:1
80
5.
07
77
3v
2 
 [h
ep
-p
h]
  3
 Ju
n 2
01
8
Nearly right unitarity triangle and CP phase
in quark and lepton flavor mixings
Yukihiro Mimura
Department of Physics, National Taiwan University, Taipei 10617, Taiwan
Abstract
The nearly right unitarity triangle can be simply obtained if a quark mass matrix is written
as a linear combination of real rank-1 matrices and the coefficient which gives the mass of the
second generation is pure imaginary. Supposing that the source of the CP violation is in the
Yukawa coupling to an additional Higgs field which provides a factor for the strange quark and
muon mass ratio, we obtain that the angle α = φ2 of the unitarity triangle shifts from 90
o by
units of Vub/Vus, and is postdicted as α ≃ 87o or 91o. The Dirac CP phase δ which appears
in the three-flavor neutrino oscillations is obtained to be |δ| ≃ 80o if the neutrino mass matrix
gives tri-bimaximal-like mixing form. If the factor 3 for the muon and strange quark mass
is considered in a simple manner in the quark-lepton unification, we obtain three distinctive
prediction of δ for nearly right-angled phase as |δ| ≃ 70o, 90o, or 110o in an idealistic orthogonal
structure of the neutrino mass matrix. The deviation from 90o is roughly given by arcsin(1/3)
by inputting the experimental measurements.
1 Introduction
CP violation in the flavor mixings is one of the important topic in particle physics. Not only
in the quark sector, but also in the lepton sector, the CP phase is being measured accurately.
The unitarity triangle of Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix seems to
be nearly right-angled. The measurement of one of the angles is [1]
α (= φ2) = (87.6
+3.5
−3.3)
o. (1)
The triangle in Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix also seems
to be nearly right-angled. Conventionally, Dirac CP phase δ, which appears in the neutrino
oscillations, is concerned in the lepton sector, and the recent global data fits of the neutrino
oscillations give [2, 3]
δ = (−122+41−33)o. (2)
It is expected that the angle α will be measured with an accuracy goal ±1o in ongoing B-
factories, LHCb and Belle II, and the CP phase δ will be measured with the accuracy at the
level of 20% [4] (if the phase is near −90o) in near future experiments of long-baseline neutrino
oscillations [5, 6]. It is true that such angles are just parameters in the standard model and
can be nearly right accidentally, but it is interesting if there is a reason to make them (nearly)
right. In fact, such possibility is studied in the literatures for the unitarity triangle in the
quark mixing matrix [7, 8, 9, 10, 11, 12, 13] and for the Dirac CP phase in the neutrino mixing
[12, 13, 14, 15, 16, 17]. We expect that a small deviation from a special value (right angle in
this case) may contain a hint of the flavor physics how the flavor mixing is generated and CP
is violated.
In this paper, we consider the origin of the nearly right angles of the phases in flavor
models. The pure imaginary vacuum expectation values (vevs) can be obtained by a singlet
scalar potential with Z2 symmetry. We examine where the pure imaginary should appear in
the Yukawa coupling in the models, in which the Yukawa matrices are forbidden at the leading
order by a flavor symmetry but can be generated by integrating out heavy vector-like matter
fields (Frogatt-Nielsen(-like) mechanism [18]). For the purpose, we first study flavor covariant
forms of the mass matrices of quarks and leptons. It is often assumed that the matrices have
a texture [19, 20] (or nearest neighbor interaction form) in which several elements are zero as
an ansatz. However, such texture can be always obtained by unphysical flavor transformation
without loss of generality [21], and it is unclear why such special flavor frame fixed by the
unphysical rotation has a physical meaning to discuss the origin of the right unitarity triangles.
Therefore, we discuss the origin in the covariant form under the flavor transformation, to
make the results available in many types of flavor models. We investigate the approximate
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diagonalization matrices of the fermion mass matrices, and how the CKM and PMNS mixing
matrices can be written. We construct a flavor model where the pure imaginary vev can generate
the nearly right unitarity triangle, and we examine the possible deviation from the right-angled
phases in the quark and lepton sectors.
This paper is organized as follows: In section 2, we study the general description of the
quark and lepton mixing matrices using the flavor covariant expression of the mass matrices,
and see where the nearly right-angled phase should exist in the parametrization. In section 3,
we study that the pure imaginary coupling in the flavor covariant form of the mass matrices
can generate the nearly right unitarity triangle in a simple manner, and examine the deviation
of the right angle in a model. We also study how the nearly right-angled Dirac CP phase in
the neutrino mixings can be obtained in the scenario of the quark-lepton unification. Section
4 is devoted to the conclusion and discussion.
2 General description of the mixing matrices
Using three independent vectors ηa, any 3 × 3 Hermitian matrix A can be written as Aij =∑
a,b η
i
aAabη
j∗
b . Diagonalizing the matrix Aab, the Hermitian matrix can be expressed as
Aij =
∑
a
Aaξ
i
aξ
j∗
a , (3)
where ξa is a linear combination of the basis vector ηa. As a trivial example, if ηa is chosen
to be the normalized orthogonal basis ηia = δ
i
a, Aa and ξa are the eigenvalues and eigenvectors
of the matrix A. Using the theorem of the linear algebra, the matrices of MfM
†
f (f = u, d, e),
where Mu, Md and Me are up-, down-type quark and charged-lepton mass matrices, can be
parametrized (omitting the flavor indices) as
MfM
†
f =
∑
a
ρfaξ
f
a (ξ
f
a )
∗. (4)
Suppose we choose naive bases so that the vectors ξa are not nearly parallel (i.e. cos θab =
|ξa · ξb|/|ξa||ξb| is not close to 1), ρfa are hierarchical (relating to the squared fermion masses),
ρf1 ≪ ρf2 ≪ ρf3 .
The (real) vector ξ3 = (a, b, c)
T is rotated to (0, 0,
√
a2 + b2 + c2)T by using a unitary matrix
U0,
U0 =

 1 0 00 cos θa − sin θa
0 sin θa cos θa



 cos θs − sin θs 0sin θs cos θs 0
0 0 1


=

 cos θs − sin θs 0cos θa sin θs cos θa cos θs − sin θa
sin θa sin θs sin θa cos θa cos θa

 , (5)
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where tan θs = a/b and tan θa =
√
a2 + b2/c, and the direction of the third generation is
(nearly) fixed. The two angles θs and θa are generically large, which can be the origin of the
large solar and atmospheric neutrino mixings. In the quark sector, on the other hand, the
left-right symmetry or horizontal flavor symmetry can make the large angles to be cancelled by
assuming ξu3 ≃ ξd3 , and the quark mixing angles are small. This is the zero-th order explanation
of the observed nature of the quark and lepton mixings [22], and it can be applied to the quark-
lepton unified models [23]. The bi-large neutrino mixings can be also explained in the context
of SU(3) horizontal flavor symmetry [24].
2.1 Quark sector
The quark mass matrices after removing the large mixing angles by U0 rotation can be parametrized
as
MuM
†
u ∝


0
0
1

( 0 0 1 )+ m2c
m2t


xu
yu
zu

( x∗u y∗u z∗u )+ m
2
u
m2t
ξu1 ξ
u†
1 , (6)
MdM
†
d ∝

 0ǫ
1

( 0 ǫ∗ 1 )+ m2s
m2b

 xdyd
zd

( x∗d y∗d z∗d )+ m
2
d
m2b
ξd1ξ
d†
1 , (7)
Without loss of generality, one can choose (ξu3 )
1,2 = (ξd3)
1 = 0. We suppose that the last term can
be negligible to diagonalize the matrices as an approximation due to the fermion mass hierarchy.
This approximation is not bad if the basis is chosen appropriately (i.e. |ξa ·ξ1|/|ξa||ξ1| (a = 2, 3)
are not close to 1). The diagonalization matrices (VfMfMfV
†
f is diagonal) can be expressed as
Vu = V
23
u (θ
23
u )V
12
u (θu), (8)
Vd = V
23
d (θ
23
d )V
12
d (θd)V
23
d (θǫ), (9)
where V 23d (θǫ) rotates the component ǫ out in MdM
†
d , and V
12
u,d(θu,d) rotate the xu,d component
out. After the rotations to make theMu,dM
†
u,d matrices only in 2-3 blocks, V
23
u,d(θ
23
u,d) diagonalize
them. Choosing the vector ξu,d2 appropriately to make yu,d ∼ zu,d (or yu,d ≫ zu,d), we find that
the angles θ23u,d are small, and we neglect them. We find
VCKM = VuV
†
d ≃ V 12u (θu)V 23d (θǫ)†V 12d (θd)†
=

 cu −sue
iαu 0
sue
−iαu cu 0
0 0 1



 1 0 00 cǫ sǫ
0 −sǫ cǫ



 cd sde
iαd 0
−sde−iαd cd 0
0 0 1

 , (10)
where αu,d are phases for the respective rotations, and cu = cos θu, su = sin θu and so on. By
a phase rotation, ǫ can be made to be real without loss of generality as it can be seen in the
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parametrization. One can find that tan θǫ = ǫ, tan θu = |xu/yu|, αu = arg xu/yu, and so on. We
calculate the matrix as
VCKM ≃


cucd + cǫsusde
i(αu−αd) cusde
iαd − cdcǫsueiαu −sǫsueiαu
−cucǫsde−iαd + cdsue−iαu cdcǫcu + sdsuei(αd−αu) cusǫ
sdsǫe
−iαd −cdsǫ cǫ

 , (11)
ǫ ≃ Vcb, tan θu = |Vub/Vcb|, tan θd = |Vtd/Vts|, (12)
and we obtain the Cabibbo angle as
sin θC ≃ |sdeiαd − sueiαu |. (13)
The sides of the unitarity triangle are given as
A ≡ VcdV ∗cb = cusǫe−iαd(−cǫcusd + cdsuei(αd−αu)), (14)
B ≡ VudV ∗ub = −susǫe−iαd(cǫsusd + cdcuei(αd−αu)), (15)
C ≡ VtdV ∗tb = sdsǫcǫe−iαd , (16)
satisfying A+B + C = 0. The angles of the triangle are given as
α(= φ2) = arg (−C/B), β(= φ1) = arg (−A/C), γ(= φ3) = arg (−B/A), (17)
We obtain
α = −arg
(
s2u +
sucucd
sdcǫ
ei(αd−αu)
)
, (18)
and one finds that the physical phase in this parametrization is nearly equal to the α angle,
α ≃ αu − αd (19)
under the convention where θu,d,ǫ are in the first quadrant. For αu− αd = π/2, it is interesting
to note that the α angle shifts from π/2 a little bit at the order of susd ≃ 0.02 (rad) = 1o to
the first quadrant because Re (−C/B) is positive.
We remark that the approximate expression in Eq.(10) is obtained not by assuming a
texture of the mass matrices. In Ref.[25], authors discuss a “two-angle ansatz” by using an
exact formula of the diagonalization unitary matrix of the hermitian matrix, MfM
†
f . They
examine if the observed quark masses and mixings can be consistent with the ansatz under
which the hermitian matrices can be diagonalized by two angles. The condition of the ansatz is
independent to the texture-zero flavor frames. In this paper, we argue that the matrix can be
written by the superposition of the rank 1 matrices, and thus, the CKM matrix can be written
as Eq.(10) approximately due to the hierarchy of the squared masses. Surely, the superposition
of rank 1 matrices is not unique, and so, we just claim that there exists a suitable choice of ξi
to express the CKM matrix as given in Eq.(10).
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2.2 Lepton sector
Since the model dependence in the neutrino mass matrixMν is large, let us express the charged
lepton mass matrix in the basis where Mν is diagonal:
MeM
†
e ∝


a
b
c

( a b c )+ m2µ
m2τ


u
v
w

( u∗ v∗ w∗ )+ m2e
m2τ
ξe′1 ξ
e′†
1 , (20)
Mν = diag. (m1, m2, m3), (21)
where a, b, c can be made to be real by pushing their phases to the Majorana neutrino masses,
mi. By rotating the charged lepton matrix by U0 in Eq.(5), we express
U0MeM
†
eU
T
0 ∝

 00
1

( 0 0 1 )+ m2µ
m2τ

 xeye
ze

( x∗e y∗e z∗e )+ m
2
e
m2τ
ξe1ξ
e†
1 . (22)
As in the quark sector, we neglect the last term to diagonalize the matrix as an approximation,
and then, we obtain the neutrino mixing matrix as
UPMNS = V
23
e (θ
23
e )V
12
e (θe)U0(θs, θa). (23)
Similarly to the quark sector, we neglect the rotation by θ23e , and we obtain
UPMNS ≃

 ce −see
iαe 0
see
−iαe ce 0
0 0 1



 1 0 00 ca −sa
0 sa ca



 cs −ss 0ss cs 0
0 0 1

 ,
=


cecs − cassseeiαe −cess − cacsseeiαe sesaeiαe
cassce + cssee
−iαe cacsce − sesse−iαe −cesa
sass casa ca

 , (24)
where tan θe = |xe/ye| and αe = arg xe/ye. Comparing the standard convention,
UPMNS =


c13c12 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 , (25)
where the mixing angles θij are defined to be in the first quardrant as a convention, we obtain
s13 = sesa, t23 = cets, t12 =
∣∣∣∣∣cess + cacssee
iαe
cecs − cassseeiαe
∣∣∣∣∣ . (26)
To extract the Dirac CP phase δ, we use Jarskog invariant which does not change under the
unphysical phase rotation,
J ≡ Ue2Uµ3U∗e3U∗µ2, (27)
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JCP = Im J = c
2
13s13c12s12c23s23 sin δ. (28)
We obtain
JCP = −(c3ecacss2assse + cacecss2asss3e) sinαe, (29)
and in the limit se → 0, one can find that sin δ ≃ − sinαe under the convention where θe,s,a are
in the first quadrant. The quadrant of the δ phase can be checked by using
Re J + c213s
2
13s
2
12s
2
23 = c
2
13s13c12s12c23s23 cos δ, (30)
and we can calculate ReJ as
Re J = c2es
2
es
2
a(c
2
ac
2
s − s2s) + (c3ecacss2assse − cacecss2asss3e) cosαe. (31)
It is interesting to note that one obtains Re J = 0 if cosαe = 0 and U0 is tri-bimaximal (ta = 1,
t2s = 1/2). Supposing αe = π/2 and using the experimental data (θ23 ≃ 45o, θ12 ≃ 33.5o),
we obtain that the δ phase shifts from −π/2 depending on θe, and δ is in the forth quadrant
(cos δ > 0). For s13 = 0.146 [2], we obtain δ ≃ −80o.
3 Model building of the nearly right-angled CP phases
In the parametrization given in the previous section, we find that the choice of αu − αd ≃ π/2
and αe ∼ π/2 can reproduce the observations naively. One can expect that a pure imaginary
number in the mass matrices can provide such a situation. However, the expression in the
previous section depends on the basis and it is not clear where we need the pure imaginary
in the mass matrix Mf (not in MfM
†
f ). In this section, we describe the mass matrix and see
where we need it in the heuristic construction.
3.1 Nearly right unitarity triangle in quark sector
In order to illustrate an essential point, we first suppose that the mass matrices are rank 2 and
are given by using column vectors φa as follows:
Mu ∝ φ3φT3 + λuφu2φuT2 , Md ∝ φ3φT3 + λdφd2φdT2 . (32)
In general, it is not necessarily that the matrices are symmetric and the transposed vectors
can be different from φa. Here we just assume that they are symmetric just for simplicity to
describe. One can find that
MdM
†
d ∝
(
φd2 φ3
)( |λd|2φdT2 φd∗2 λdφdT2 φ∗3
λ∗dφ
T
3 φ
d∗
2 φ
T
3 φ
∗
3
)(
φd†2
φ†3
)
, (33)
6
where we note φT3 φ
∗
3 is just a number. Diagonalizing the 2 × 2 matrix in the middle, one can
rewrite it as
MdM
†
d ∝ ρd2ξd2ξd†2 + ρd3ξd3ξd†3 , (34)
where ρda (a = 2, 3) are eigenvalues of the middle 2 × 2 matrix and ξda (a = 2, 3) are linear
combinations of φ3 and φ
d
2. Since λd is small for the fermion mass hierarchy, the mixing angle
ǫd of the middle matrix is expected to be small, and we can write as
ξd3 ≃ φ3 + ǫdφd2 =


ǫdxd
ǫdyd
1 + ǫdzd

 , ξd2 ≃ −ǫ∗dφ3 + φd2 =


xd
yd
zd − ǫ∗d

 , (35)
where we define φ3 = (0, 0, 1)
T and φd2 = (xd, yd, zd)
T . The same expression can be written for
the up-type one. One can easily find that the CKM matrix in this case can be written as
VCKM = V
u
23(θ
u)V ud12 (θ
ud)V d23(θ
d)†
=


1 0 0
0 cu −sueiαu
0 sue−iα
u
cu




cud sud 0
−sud cud 0
0 0 1




1 0 0
0 cd sdeiα
d
0 −sde−iαd cd


=


cud cdsud sudsdeiα
d
−cusud cudcdcu + sdsuei(αu−αd) cudcusdeiαd − cdsueiαu
−sudsue−iαu −cusde−iαd + cudcdsue−iαu cdcu + cudsdsuei(αd−αu)

 . (36)
To avoid a confusion of the parameterization in the previous, we use superscripts of u, d for the
mixing angles and phases. By V u12 and V
d
12 rotations (V
ud
12 = V
u
12V
d†
12 ), both (ξ
u,d
3 )
1 and (ξu,d2 )
1
elements can be made to be zero. Once one of (ξua )
1 and (ξda)
1 is made to be zero, the phase of
the other can be rotated away unphysically, and thus, there is no physical phase in V ud12 . After
the V12 rotation, the remained 2-3 blocks of Mu,dM
†
u,d are diagonalized by V
u,d
23 . Similarly to
the previous section, from this expression, we obtain the α angle of the unitarity triangle as
α = arg
(
(su)2 +
cdcusu
cudsd
ei(α
d−αu)
)
, (37)
and thus, we obtain α ≃ αd − αu. Because of α ≃ π/2, sd ≃ |Vub/Vus| and su ≃ |Vts/Vus|, we
obtain a relation
|Vcb| ≃
√
|Vub/Vus|2 + |Vtd/Vus|2. (38)
It is interesting to note that Eq.(36) is the same as the original parameterization of the CKM
matrix given by Kobayashi-Maskawa [26]. Since Vtb has a phase in this parameterization, the
standard convention is more practical to describe the CP violation in the experiments. But, it
is useful to analyze this toy example and its extension.
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Assuming that the components of φ1, φ
u,d
2 are all real, one can easily find αu,d ≃ arg ǫu,d =
arg λu,d. Therefore, one can obtain the nearly right-angle α if one of λu and λd is pure imaginary
and the other is real. One can build a model to realize such a situation as follows: The Yukawa
coupling is written as
(λu3φ
i
3φ
j
3 + λ
u
2φ
ui
2 φ
uj
2 )qiu
c
jHu + λ
d
3φ
i
3φ
j
3qid
c
jHd + λ
d
2φ
di
2 φ
dj
2 Sqid
c
j∆d/M∗, (39)
where qi denote left-handed quark doublets, and u
c
i , d
c
i are right-handed up- and down-type
quarks, andHu, Hd and ∆d are Higgs doublets, and S is a gauge singlet. Imposing Z2 symmetry,
we obtain that the superpotential of the S field is given as
W = MSS
2 +
1
M∗
S4, (40)
and the vev of S can be pure imaginary. In this example, λd in the mass matrix in Eq.(32) is
pure imaginary. One can also construct a model to make λu is pure imaginary similarly. If we
take into account the relation of muon and strange mass (at unification scale) mµ ∼ 3ms, there
is an advantage to employ the additional doublet ∆d. There may be several ways to construct
a model to obtain the pure imaginary in the Yukawa coupling, for example, one can build a
model so that the mixing of Hd and ∆d is pure imaginary.
Assuming that λd is pure imaginary and yd ≃ zd, we find that the phase of αd shifts from
π/2 by ±2sd ≃ ±2|Vub/Vus| ≃ ±0.04 (rad) (≃ ±2o). From Eq.(37), the α angle decreases by
susd (≃ 1o). Therefore, we obtain
α ≃ 87o or α ≃ 91o. (41)
If we choose λu to be pure imaginary (instead of λd), one finds α
u is shifted by ±2su ≃ 2|Vts/Vus|
(≃ 4o) and thus, α is shifted from the right angle a little more.
Now we construct more realistic model keeping the nearly right angle α above. We employ
two column vectors φ3 = (0, 0, 1)
T and φ2 = (0, a, b)
T and a vector orthogonal to φ2 and φ3
φ1 = (1, 0, 0)
T , and we consider the mass matrices as
Mu ∝ λu33φ3φT3 + λu23(φ2φT3 + φ3φT2 ) + λu22φ2φT2 + λu33φ1φT1 , (42)
Md ∝ λd33φ3φT3 + λd22φ2φT2 + λd12(φ1φT2 + φ2φT1 ). (43)
By the λ12 term, φ2 and φ3 are mixed, and it corresponds to φ
d
2 ≃ φ2 + λd12/λd22φ1 in the toy
example in Eq.(32), and it can generate the Cabibbo mixing θC . By assuming the absence
of (1,1) element of Md, one obtains the well-know empirical relation sin θC ≃
√
md/ms. The
toy example in Eq.(32) can provide a relation ms/mb ∼ Vub/Vus (which agrees well with the
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observations) for yd ∼ zd, but provides a wrong relation for mc/mt. We add λu23 term to fix
it. We note that λu22 term may not be needed since observations suggest mc/mt ∼ |Vts/Vcb|2,
depending on the horizontal scale and the running of the top quark mass [27]. One can also
add the other mixing terms such as φ1φ
T
2 in Mu, but in order not to destroy the nearly right
angle α, one needs to add the other terms to be properly aligned, and that is why we just add
only λu11 term for the up quark mass. As one can find in the same way as in the previous, one
can obtain the nearly right angle α, Eq.(41), if only λd22 is pure imaginary. One can also assume
that the λd12 term can be also pure imaginary. However, to realize the so called Goergi-Jarskog
relation ms = mµ/3 and md = 3me, there is an advantage to choose that the only λ
d
22 term is
generated by the additional Higgs, ∆d.
The Yukawa interaction to generate the mass matrices can be constructed by means of
Frogatt-Nielsen-like mechanism with non-Abelian continuous flavor symmetry ([24] and refer-
ences therein, [28]), such as SU(3), SU(2) (where the second and third generation are in a
flavor doublet), and also with non-Abelian discrete symmetry [12, 29], S3, S4, A4, and so on.
The detail description of the flavor symmetry is beyond the scope of this paper.
3.2 Nearly right Dirac CP phase in the neutrino mixing
We suppose that the charged-lepton mass matrix is given similarly to the down-type quark as
Me ∝ λe33φ3φT3 + λe22φ2φT2 + λe12(φ1φT2 + φ2φT1 ). (44)
In the previous section, we work on the basis where the neutrino mass matrix is diagonal,
and φ3 can be made to be (0, 0, 1) by the U0 transformation. However, to arrange the first
component in the φ2 vector to be zero, one needs additional rotation. In that sense, even if
we choose that λe12/λ
e
22 is pure imaginary, the αe phase in Eq.(23) can be arbitrary due to
the additional rotation. Therefore, though the parametrization in Eq.(23) can contain such a
rotation in general, one needs an additional mixing parameter in order to specfy the source of
the right-angled phase to be λe12/λ
e
22. We parameterize the neutrino mixing PMNS matrix as
1
UPMNS ≃ U12(θe, αe)U23(θa, αa)U13(θν , αν)U12(θs, αs), (45)
where Uij(θ, α) denotes the i-j rotation with a phase α. By rephasing, one can find that the
only two combinations of the phases are physical,
α¯e = αe − αs, α¯ν = αν − αs − αa. (46)
1 In this expression, we neglect the 2-3 mixing rotation matrix to diagonalize MeM
†
e
. If the factor 3 for the
Georgi-Jarskog relation is taken into account and λe
22
is 3 times λd
22
, the 2-3 mixing angle can be also 3 times
of the 2-3 mixing in the down-type quark mass matrix. Then, the δ phase can be shifted further by about
±6o compared to the values given in the text, depending on the phase choice. The near future long-baseline
experiments may not provide the accuracy to distinguish the contributions.
The conventional mixing angles in UPMNS are given as
s13 ≃ |sase − sνei(α¯ν−α¯e)|, t23 ≃ ta, t12 ≃ |ss + cacssee
iα¯e |
|cs − cassseeiα¯e | , (47)
where we neglect sesν quadratic terms in t12,23 and ce ≃ cν ≃ 1.
We now work on the basis where φ3 = (0, 0, 1)
T and φ2 = (0, a, b)
T . Suppose that the
neutrino mass matrixMν is given as follows after diagonalizing 2-3 block,
U23MνUT23 ∝


0 x y
x z 0
y 0 w

 . (48)
If y = 0, the neutrino mass matrix can be diagonalized by two angles, i.e. sν = 0 and
tan 2θs = 2x/z, and it returns to the case which we have already studied. Surely, the relative
phase between λe12 and x is unphysical, and the phase of zλ
e
12/(xλ
e
22) will be the phase α¯e in
this case. If only λe22 is pure imaginary, one can easily obtain α¯e = π/2, and the PMNS phase
can be nearly −90o. As we have already studied in the previous section, it shifts by the size of
θ13 and
2
δ ≃ −80o. (49)
Next we consider the case y 6= 0. In this case, the description depends on how the neutrino
mass matrix and the phase structure in the matrix is assumed. We here describe an idealistic
choice of the matrix. Simply supposing that the neutrino mass matrix can be given by
Mν ∝ φ2φT2 + λνxφxφTx + λν1x(φ1φTx + φxφT1 ) + λν12(φ1φT2 + φ2φT1 ), (50)
where φx is an orthogonal vector to both φ2 and φ1, i.e. φx = (0, b,−a)T , one can find that the
components x, y, z are given by λν1x, λ
ν
12, λ
ν
x respectively. Suppose that the λ
ν
12 term is forbidden
by a discrete symmetry, one can obtain the case y = 0, which we do not touch in detail in
this paper. If only y is pure imaginary, we obtain the phase αν = ±π/2. After rotating 1-3
generation, a small quantity appears at (2,3) elements, and thus α¯ν can be shifted from ±π/2
at the level of one degree, which we neglect in the following discussion. If z is pure imaginary,
on the other hand, 1-3 rotation to Eq.(48) generates a real number in (1,1) component, and
thus, αs shifts from π/2 by a size of sν (unless the phase of y is π/4). Therefore, it is best
to choose λν12 to be pure imaginary by using the Z2 symmetry to obtain α¯e and/or α¯ν to be
±π/2. If we do not assume the form of neutrino mass matrix, in general, α¯e,ν are deviated from
the right angles depending on sν and
√
∆m212/∆m
2
23, which can modify the following numerical
quantity at the level of ±10o.
2 This type of the prediction is also obtained in Ref.[12] in a different setup, though the numerical number
is different since it is before the precise measurement of θ13 by the reactor neutrino oscillations.
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Due to the additional parameter sν to the previous, the PMNS δ phase can take any value
even if α¯e or α¯ν is ±π/2. As one can imagine from Eq.(47), s13 ≃ |sase − sνei(α¯ν−α¯e)|, the
modification from the right angle depends on arctan(sase/sν) in the case of α¯ν − α¯e = ±π/2.
We enumerate the qualitative description by classifying the choice of the phases:
1. α¯e = ±π/2 and α¯ν = 0, π
This case can be obtained if only λe22 is pure imaginary andMν is real. We find δ ∼ ±π/2
for se ≫ sν , and δ ∼ 0, π for se ≪ sν . For δ ∼ ±π/2, the phase is sensitive to sν . Naively
it can shift by an angle ∼ arcsin(sν/s13).
2. α¯e = 0, π and α¯ν = ±π/2
This case can be obtained if λν12 is pure imaginary, and λ
e
12/λ
e
22λ
ν
1x and λ
ν
x are real. In
this case, θ12 for the solar neutrino oscillation is modified from θa by se. We find δ ∼ 0, π
for se ≫ sν , and δ ∼ ±π/2 for se ≪ sν . Similarly to above, for δ ∼ ±π/2, the phase is
sensitive to se, and it can shift by an angle ∼ arcsin(sase/s13).
3. α¯e = ±π/2 and α¯ν = ±π/2
Since the phases are aligned, se and sν are additive (or subtractive) directly to obtain the
experimental measurement s13 ≃ 0.146. Unless the cancellation of those two is not large,
we find that δ ∼ ±π/2 is stable compared to the other two cases.
In the case 3, the PMNS phase is not sensitive to se and sν and one can obtain δ ≃ −90o.
For the other two cases, the shift from the right angle is the function of the ratio sase/sν. Let
us suppose the value of se to be Vus/3, which can be expected from the Georgi-Jarskog relation.
Then, the shift angle can be estimated as
∆δ ≃ ± arcsin s23Vus/3
s13
≃ ±20o, (51)
which can be checked by numerical calculations. Since the experimental measurements somehow
incidentally show an empirical relation, s13 ≃ Vus/
√
2, the shift angle is ∼ arcsin(1/3). To
obtain the nearly right angle, we take the case 2, α¯e = 0, π and α¯ν = ±π/2, under the choice
(se < sν) . Then we obtain
δ ∼ −70o or − 110o, (52)
if the phase is near −π/2 rather than π/2, which is suggested by experiments.
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4 Conclusion and Discussion
The mass matrix can be written as a linear combination of rank-1 matrices. We have shown
that nearly right unitarity triangle of the CKM mixing matrix can be simply obtained if the
rank-1 matrices are all real and a coefficient which roughly gives the second generation fermion
mass is pure imaginary. This may imply that the physics to generate the CP violation in
the quark mixings is related to the one to generate the quark mass hierarchy. We can expect
that a variety of models on this issue can be constructed by means of Frogatt-Nielsen-like
mechanism with discrete symmetry. We propose a possibility that the Yukawa coupling to
a Higgs representation which can generate the muon and strange quark mass ratio, which is
quoted as Georgi-Jarskog relation, is the origin of the nearly right unitarity triangle. Under
the assumption, the α(= φ2) angle, which is nearly right angle in the unitarity triangle, shifts
from 90o by units of |Vub/Vus|, and the “postdiction” of the angle is
α = 87o or 91o. (53)
In this paper, we concentrate on the essential points to realize the nearly right unitarity triangle,
without touching the detail of the rigid model construction, such like the selection of the flavon
fields. That is because the realization of the right unitarity triangle does not depend on the
detail of model building, and the key structure can be applied to many types of the flavor
models. The deviation from the right angle can depend on the detail of the model building
(e.g. the deviation comes from the up-type quark mass matrix instead of down-type one), and
we may need a further investigation. It is expected that the α angle will be measured with the
accuracy ∼ 1o at the B-factory, which may give us a hint of the models.
The Dirac CP phase in the neutrino mixings can be also nearly right angle by a choice of the
pure imaginary coefficient in the lepton mass matrix. The CP phase δ is being measured by the
experiments of neutrino oscillations, and the current global fits may suggest δ ∼ −90o, Eq.(2).
We summarize the predictions of the model with commenting on whether we can obtain the
relative opposite signs of the CP phases in the framework of quark-lepton unification. In the
model, the phases which can be nearly equal to α and δ are the relative phases of 2nd/3rd and
1st/2nd generations in the quark and lepton sectors, respectively. The definition of the mixing
matrices are defined as VuV
†
d and UeU
†
ν (dLα = VCKMαidLi and να = UPMNSαiνi where α is for
SU(2)L current basis and i is for mass basis). If only the pure imaginary in the down-type
quark and charged-lepton mass matrices are the source of CP violation and −3 factor from the
Clebsch-Gordan coefficient is taken, the sign is flipped three times totally, and it could give the
relative opposite signs of α and δ in quark and lepton sectors. To obtain the opposite signs, the
sign of the 1st generation needs to be chosen, which means that there still freedom to flip the
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sign of δ, and thus, in general, the opposite signs of α and δ are not necessarily predicted in this
framework. In the setup, the 1-3 neutrino mixing angle θ13, which has been measured by reactor
neutrino oscillations, becomes 1/3 of the experimental measurement, and then a contribution
from the neutrino mass matrix, sν , is needed. One can make (1,2) elements of the mass matrices
to be also −3, and then, we can obtain the empirically successful relation, sin θ13 ≃ Vus/
√
2.
However, then, the electron mass is also three times down quark mass naively, and one needs a
tuning to obtain me ∼ 1/3md. The tuning can also break the simple realization of the empirical
relation Vus ≃
√
md/ms. If one resolves such tuning, the prediction is
|δ| ≃ 80o. (54)
In the quark-lepton unification, it seems to be more simply realized that θ13 is rather dominated
by sν and the contribution from the charged-lepton is Vus/3
√
2. In this case, the sign of δ is
not predicted neither since it mainly comes from the neutrino mass matrix, but if it is nearly
right angle, there are three distinctive predicition in an idealistic neutrino mass matrix,
|δ| ≃ 70o, or 90o, or 110o. (55)
The deviation form the right angle is roughly given by arcsin(Vus/3
√
2 sin θ13) ≃ arcsin(1/3). If
the neutrino mass matrix is loosen from the idealistic choice, they can be corrected by 10-15%
to them, by the size of θ13 and
√
∆m212/∆m
2
23. The accurate measurements may give us a hint
to sort out the solutions.
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